The Pontryagin forms on 1-jet bundle of Riemannian metrics, are shown to provide, in a natural way, diffeomorphism-invariant pre-symplectic structures on the space of Riemannian metrics for dimensions n = 4r − 2. The equivariant Pontryagin forms provide canonical moment maps for these structures. In dimension two, the symplectic reduction corresponding to the pre-symplectic form and its moment map attached to the first Pontryagin form, is proved to coincide with the Teichmüller space endowed with the Weil-Petersson symplectic form.
Introduction
The aim of this paper is to show how the classical Chern-Weil homomorphism construction of Pontryagin classes, when applied to the universal Levi-Civita connection on the principal bundle of linear frames over the 1-jet bundle of Riemannian metrics, provides, in a natural way, pre-symplectic structures on the space of Riemannian metrics in dimensions n = 4r − 2, which are diffeomorphism invariant. Similarly, the Berline-Vergne construction of equivariant chacteristic classes, when applied to the previous bundle, provides a canonical moment map for these pre-symplectic structures. In dimension two, we apply the Marsden-Weinstein symplectic reduction to the pre-symplectic form and its moment map corresponding to the first Pontryagin polynomial, and we state 1 2π 2 , with the Teichmüller space of M endowed with the Weil-Petersson symplectic form, a quite surpris-ing result in view of the existence of plenty of metrics on the Teichmüller space (e.g., see [12, 13] ). Also note that this scalar factor is precisely what is needed for the cohomology class of this form to coincide with Mumford's tautological class κ 1 (e.g., see [15] ).
The aforementioned result may be considered the analogous for the case of Riemannian metrics to that in [7, Example 19] for principal connections over a Riemman surface according to which the second Chern form determines the sympectic structure on the space of connections and the equivariant second Chern form determines the moment map, both introduced in [1] . There, the authors prove that the corresponding symplectic reduction coincides with the moduli space of flat connections. Finally, we should like to remark on the fact that, in the case of metrics, the expressions for the pre-symplectic structure and the moment map (see Proposition 5.1 and the formula (9) below) are much more complex than the case of connections; for example, it is by no means evident that the differential 2-form defining the pre-symplectic structure is closed or invariant under diffeomorphisms.
Preliminaries
In this section we recall some results appeared in [8] . Let q : M M → M be the bundle of Riemannian metrics of an n-dimensional smooth manifold M , i.e.,
The global sections of this bundle are the Riemannian metrics on M .
We denote by Diff + M ⊂ DiffM the subgroup of orientation preserving diffeomorphisms, and we set G = DiffM × R,
The group DiffM acts naturally on M M and on F M ; hence it also acts on q * 1 F M . If φ ∈ DiffM (resp. X ∈ X(M )), its lift to q *
are the natural lifts of φ (resp. X). Asq 1 is a DiffM -equivariant map, we have (q 1 ) * (X) =X. If X = X i ∂/∂x i , then we have
For every t ∈ R, we define ϕ t ∈ AutF M (resp.φ t ∈ Diff(J 1 M M ), resp. ϕ t ∈ Aut (q * 1 F M )) as follows:
We denote by ξ ∈ X(F M ) (resp. ξ ∈ X(J 1 M M ), resp.ξ ∈ X(q * 1 F M )) the infinitesimal generator of the 1-parameter group (ϕ t ) (resp. (φ t ), resp. (φ t )) defined above. We have q 1 * (ξ) = 0,q 1 * (ξ) = ξ, andπ * (ξ) = ξ. We have
where (x h , y ij , y ij,k ) is the coordinate system induced on
, as well as in the space of sections and differential forms with values on these bundles.
The bundle q *
, which is invariant under the action of the group G = DiffM × R defined above (cf. [8] ).
We denote by ω g the Levi-Civita connection form of g and by ∇ g the covariant derivation law on the associated vector bundles. The gl(n, R)-valued 1-form on q * [8] ), but unfortunately, it is not g-Riemannian. In fact, the connection ω hor induces a derivation law ∇ ω hor on the associated bundles to q * 1 F M , and we have
then we can define a connection form on q * 1 F M -called the 'universal LeviCivita connection'-as follows: ω = ω hor + 1 2 ϑ, which is G-invariant and gRiemannian; i.e., ∇ ω g = 0 (see [8] ). Then, the connection form ω is reducible to a connection on the principal O(n)-sub-bundle
In fact, it is the only G-invariant connection on OM (see [8] ). We consider the usual identification (e.g., see [11, II, Example 5.2] ) between differential forms on the base manifold of a principal bundle taking values in the adjoint bundle and differential forms of the adjoint type on that principal bundle. With this identification we have Ω,
where Ω, Ω hor are the curvature forms of ω, ω hor , respectively.
As
Some important formulas used below, are the following (see [8] ):
The
, is defined as the form obtained by means of the Chern-Weil theory of characteristic classes by appliying the k-Pontryagin polynomial to the curvature Ω of the universal Levi-Civita connection ω. These forms are closed, G-invariant and satisfy the following universal property (see [8] ): for every Riemmanian metric g we have
is the curvature form of the Levi-Civita connection of the metric g. Hence the Pontryagin forms of degree equal to or less than n determine the Pontryagin classes of M . However, the key point is that there are non-zero Pontryagin forms of degree greater than n (as dim(
For n = 2 this form does not vanish, as we see below.
3 Pre-symplectic structures on MetM
Let p : E → M be a locally trivial fibre bundle over a compact connected and oriented n-manifold without boundary. In [7] , a map ℑ : Ω n+k (J r E) → Ω k (Γ(E)) has been defined, which provides a geometrical interpretation of the forms on the jet bundle with degree greater than the dimension of the base mani-
The map ℑ commutes with the exterior differential and the action of the automorphims of the bundle, and hence maps closed (resp. invariant) forms to closed (resp. invariant) forms.
Let
The group G = DiffM × R acts in a natural way on MetM by setting,
We denote the covariant differential of X ∈ X(M ) with respect to the LeviCivita connection of a metric g on M by
We denote by (∇ g X) S and (∇ g X) A the symmetric and skew-symmetric parts of ∇ g X respectively, and a similar notation is also used for∇ g h. We obtain
For every X ∈ X(M ) we denote by q *
we consider a normal system of coordinates for g at x. By virtue of (6) and (4), we have
By contracting this form with
In the rest of this section, we assume dim M = n = 4r − 2, r ∈ N, and f ∈ I
Proof. By virtue of [7, Proposition 11] and Lemma 3.1 we have
If M is an oriented compact connected surface and we take f = p 1 , the first Pontryagin polynomial, then for every g ∈ MetM , h, k ∈ T g MetM ∼ = S 2 (M ) we have
If dim M = 6, i.e., r = 2, the basic Weil polynomials of degree 4, are p 2 and (p 1 )
2 . If we set t k (X) = tr(X k ), X ∈ so(6; R), then we have
For f = t 4 , the formula in Theorem 3.2 yields,
and for f = (t 2 ) 2 , similarly we obtain
) .
Equivariant Pontryagin forms & moment maps
First, we recall the definition of equivariant cohomology in the Cartan model (e.g. see [3, 10] ). Let a connected Lie group G act on a manifold N and let g → X(N ), X → X N be the induced Lie algebra homomorphism, X N being the infinitesimal generator of the flow L exp(−tX) and
G be the space of Ginvariant polynomials on g with values in Ω
• (N ). We assign degree 2k + r to the polynomials in P k (g, Ω r (N )). The space of G-equivariant differential q-forms is
, ∀X ∈ g, be the Cartan differential, As is well known, on Ω Given a G-invariant closed form σ ∈ Ω q (M ), an equivariant differential form σ # ∈ Ω q G (M ) is said to be a G-equivariant extension of σ if d c σ # = 0 and σ # (0) = σ. In general, there could exist obstructions to the existence of equivariant extensions (e.g., see [16] ) but for the universal Pontryagin forms, the classical construction of equivariant characteristic classes of Berline and Vergne (see [4, 5, 6] ) really provides canonical equivariant extensions: As the universal LeviCivita connection is G-invariant, for every f ∈ I O(n) k the G-equivariant characteristic form associated to f and ω, is a G-equivariant extension of f (Ω,
. As a simple computation shows, we have Lemma 4.1. Let ω ∈ Ω 1 (F M, gl(n, R)) be the connection form of a linear connection ∇. For every vector field X ∈ X(M ) we have
(2) If ∇ is symmetric, the 0-form on M with values on EndT M corresponding to ω(X) coincides with ∇X.
)) is of adjoint type and it corresponds to
− 1 2 id T M ∈ Ω 0 (M, EndT M ).
Proposition 4.2. The explicit expression for the G-equivariant characteristic form associated to the Weil polynomial f is as follows:
Proof. Let ω be the universal Levi-Civita connection form on q * 1 F M and let ξ be the vector field introduced in the section 2. We have ω(ξ) = 0, and for every X ∈ X(M ) the form ω(X) is a 0-form of adjoint type on q 1 F M , and the corresponding EndT M -valued 0-form on J 1 M M is (∇X) A . In fact, from (1), (2), (3), and (5) we have
The 0-forms ω hor (X), ω hor (ξ) are of adjoint type due to the fact that ω hor is invariant under the action of DiffM × R. If α ∈ Ω 0 (J 1 M M , EndT M ) is the 0-form taking values in EndT M corresponding to ω hor (X), then from the formula ω hor (X)(u, j 
). Hence α = ∇X. Accordingly, the form corresponding to ω(X) = ω hor (X) +
is the form corresponding to ω hor (ξ), then we have ω hor (ξ)(u, j
Therefore, the form corresponding to ω(ξ) vanishes, since β + 1 2 ϑ(ξ) = 0. For example, the first equivariant Pontryagin form is given by
Finally, we recall the relationship between equivariant extensions of a presymplectic form and moment maps (e.g., see [2] ). If ω is a pre-symplectic form, then an equivariant extension of ω is given by ω # = ω +µ, where µ :
, µ is a (co-) moment map for ω. Hence, to give an equivariant extension for a pre-symplectic form is equivalent to giving a moment map for it.
The map ℑ introduced above, naturally extends to a map on the spaces of equivariant differential forms ℑ :
that commutes with the Cartan differential (see [7] ). By applying this map to the equivariant Pontryagin forms, we obtain equivariant extensions of the pre-symplectic structures on MetM , or equivalently, canonical moment maps for them, given by
In the two-dimensional case, for f = p 1 , the formula (8) yields the following expression:
Similarly, if dim M = 6, then for f = t 4 we obtain the following moment map:
and for f = (t 2 ) 2 , we have
Symplectic reduction in dimension 2
From now on, we assume that M is a compact, orientable surface, so that n = 2. By applying the preceding considerations to the first Pontryagin polynomial p 1 we obtain a canonical G-invariant pre-symplectic structure σ on the space of Riemannian metrics MetM and a moment map µ for it, given by (7) and (9) . In this section we apply the Marsden-Weinstein procedure of symplectic reduction to the pre-symplectic manifold (MetM, σ) with respect the moment map µ.
The curvature tensor of a Riemannian metric g on a surface is given by
where K g is the scalar curvature of the metric g, and we have
where the last equality is due to the fact that the trace of the product of a symmetric and an antisymmetric endomorphism vanishes. Hence
Proposition 5.1. The expression of σ is as follows:
Remark 5.2. The form σ is not a symplectic form, as it is degenerate. In fact, we have σ g (g, h) = 0 for every g, h ∈ S 2 (M ), as∇ g g = 0, and hence
Proof. In a normal coordinate system at x for the metric g we have Proof. By using an orthonormal basis the following equation is readily proved:
, and we obtain
Hence, we have
Hence µ g (X, λ) = 0 for every X ∈ X(M ), λ ∈ R if and only if dK g = 0, i.e., if and only if K g is constant.
From now on, we assume the genus of M is γ > 1. By the Gauss-Bonnet theorem, the space of metrics of constant curvature −1 can be identified to Met −1 M ∼ = Met const M/R. Hence the Marsden-Weinstein quotient
is the moduli space of complex surfaces of genus γ.
As the moduli space presents singularities due to the fact that the action of Diff + M on Met −1 M is not free, it is customary to replace Diff + M by the connected component of the identity Diff e M ⊂ DiffM . The action of Diff e M on Met −1 M is free, and the quotient space
The restriction of σ to Met −1 M projects onto a canonical pre-symplectic form σ on T (M ). In the following section we show that σ basically coincides with the Weil-Petersson symplectic form.
The Weil-Petersson metric on T (M)
On the space MetM there exists a canonical Riemannian metric G (see [9, 14] 
is invariant under the action of the diffeomorphisms group on MetM .
Below, we recall some results about the Teichmüller space; for the details, see, for example [14] .
The group Diff e M acts properly and freely on the manifold Met −1 M , and the quotient space T (M ) = Met −1 M/Diff e M is a differentiable manifold of dimension 6γ − 6 called the Teichmüler space of M .
For any g ∈ Met −1 M , we have the identification
The manifold T (M ) is endowed with a complex structure J , given by 
∂h 12 ∂x 1 (x) + ∂h 22 ∂x 2 (x) = 0.
As tr g h = h 11 + h 22 is a constant, we also have
∂h 11 ∂x 2 (x) + ∂h 22 ∂x 2 (x) = 0,
Subtracting the formulas (10) and (12), we obtain ∂h 12 ∂x 2 (x) = ∂h 22 ∂x 1 (x), (14) and subtracting (11) and (13), we obtain similarly, ∂h 12 ∂x 1 (x) = ∂h 11 ∂x 2 (x).
From the local expression
for (∇ g h) x , by using the formulas (14) 
and the result follows.
Remark 6.3. The preceding result provides an alternative proof of the fact that the Weil-Petersson metric on T (M ) is Kähler, as we know that σ is closed by its very definition, and accordingly σ WP is also closed.
